Abstract. Let K be a number field having odd narrow class number and a unique prime λ above 2. Inspired by recent work of Kraus, we prove that there are no elliptic curves defined over K with conductor λ and a K-rational 2-torsion point.
Introduction
Let K be a totally real field, and let O K be its ring of integers. The Fermat equation with exponent p over K is the equation A solution (a, b, c) of (1) is called trivial if abc = 0, otherwise non-trivial. The asymptotic Fermat's Last Theorem over K is the statement that there is a bound B K , depending only on the field K, such that for all primes p > B K , all solutions to (1) are trivial. If B K is effectively computable, we shall refer to this as the effective asymptotic Fermat's Last Theorem over K. In [1] , we give a criterion for asymptotic FLT in terms of solutions of a certain S-unit equation, where the set S is the set of primes of K above 2. The proof of this criterion is a generalization of Wiles' celebrated proof of Fermat's Last Theorem [8] over Q, and builds on many deep results, including modularity lifting theorems over totally real fields due to Kisin, Gee and others, Merel's uniform boundedness theorem, and Faltings' theorem for rational points on curves of genus ≥ 2. Naturally the criterion is simpler to apply if S consists of precisely one element. In this special case, Kraus established asymptotic FLT over many explicit totally real fields of degrees ≤ 8, by translating our criterion into an easier to check congruence condition on certain Hilbert modular forms ([5, Théorème 2]). Based on his extensive experimentation, he also posed the following conjecture:
Conjecture (Kraus). Let K be a totally real number field with narrow class number 1. Suppose 2 is totally ramified in K and write P for the unique prime above 2.
Then there are no elliptic curves over K with full 2-torsion and conductor P. Furthermore, using the results of [1] he showed that this conjecture implies asymptotic FLT over K without further assumptions. In this paper we prove Kraus' conjecture in the following generalized form. Theorem 1. Let ℓ be a rational prime. Let K be a number field satisfying the following conditions:
(i) Q(ζ ℓ ) ⊆ K, where ζ ℓ is a primitive ℓ-th root of unity;
(ii) K has a unique prime λ above ℓ;
is the narrow class number of K. Then there is no elliptic curve E K with conductor λ and a K-rational ℓ-isogeny.
As we shall explain, the proof of Kraus' conjecture removes the need to solve an S-unit equation or compute Hilbert modular forms of a certain level over K. Such computations quickly become unmanageable as the degree or discriminant of the field grows; this is a major obstruction to attacking Diophantine problems through Galois representations. In particular, without further computations, we will deduce from Theorem 1 the following two Diophantine applications.
Theorem 2. Let K be a totally real field satisfying the following two hypotheses:
(a) 2 totally ramifies in K; (b) K has odd narrow class number.
Then the asymptotic Fermat's Last Theorem holds over K. Moreover, if all elliptic curves over K with full 2-torsion are modular, then the effective asymptotic Fermat's Last Theorem holds over K.
Let r ≥ 2, and let ζ 2 r be a primitive 2 r -th root of unity. Write Q(ζ 2 r ) + for the maximal real subfield of the cyclotomic field Q(ζ 2 r ). Of course if r = 2 then K = Q and if r = 3 then K = Q( √ 2). In these cases Theorem 3 is known in the stronger (non-asymptotic) form and is due respectively to Wiles [8] and to Jarvis and Meekin [3] . For r = 4, 5, it is proved by Kraus [5, Théorème 9] with small explicit bounds B K on the exponent p. The deduction of Theorem 3 rests on two beautiful key ingredients:
• A well-known special case [2] of the Iwasawa Growth Formula for the p-part of the class number of layers in a Z p -extension.
• A theorem of Thorne [4] asserting modularity of elliptic curves over Z pextensions of Q.
Proof of Theorem 1
Suppose K satisfies conditions (i)-(iii) and let E K be an elliptic curve of conductor λ and having a K-rational ℓ-isogeny. Let G K = Gal(K K), write T ℓ (E) for the ℓ-adic Tate module of E, and let
be the representation induced by the action of G K . We shall show that this representation is reducible. As E does not have complex multiplication (it has a multiplicative prime) this contradicts Serre's Open Image Theorem [6, Chapter IV], completing the proof.
As E has multiplicative reduction at λ, the theory of the Tate curve tells us (c.f. [7, Exercise V.5.13]) that there is some choice of basis elements P , Q ∈ T ℓ (E) such that
where I λ is an inertia subgroup of G K at λ, and
Proposition IV.10.3], the characters ψ 1 , ψ 2 are unramified at all the finite primes. As the narrow class number of K is coprime to ℓ − 1 (assumption (iii)), and the characters ψ 1 , ψ 2 have order dividing ℓ−1, they are trivial. We conclude that either ρ is trivial or, for some choice of basis for
where φ ∶ G K → F ℓ is a non-trivial additive character. If ρ is trivial clearly (3) holds for n = 1, so we can assume ρ is non-trivial. The character φ has order ℓ and is unramified away from λ and the infinite primes. As ℓ ∤ h + K (assumption (iii)) and φ is non-trivial we deduce that φ I λ is non-trivial. Thus there is a unique subgroup of E[ℓ] of order ℓ that is stable under I λ . This must be ⟨P 1 ⟩, where P 1 denotes the mod ℓ component of P . This completes the proof of (3) for n = 1. Now suppose n ≥ 2. By the inductive hypothesis,
where φ, ψ, η are functions G K → Z ℓZ. Let σ, τ ∈ G K . Comparing the expressions modulo ℓ n for ρ(στ ) with ρ(σ)ρ(τ ) we obtain
here we have used the fact that χ ℓ n ≡ χ ℓ (mod ℓ) and also the fact that χ ℓ = 1 as
, ψ is unramified at λ. Again the assumptions force ψ = 0. Comparing ρ(στ ) with ρ(σ)ρ(τ ) once more we obtain
and deduce that η = 0. The fact that the determinant of ρ modulo ℓ n must be χ ℓ n now completes the proof of (3).
Proof of Theorem 2
The following is a special case of [1, Theorem 9] . See also the remark after the proof of [1, Theorem 9]. Theorem 4. Let K be a totally real field such that 2 is totally ramified in K. Let P be the unique prime of K above 2. There is a constant B K depending only on K such that the following holds. If the Fermat equation (1) has a non-trivial solution with prime exponent p > B K then there is an elliptic curve E ′ K satisfying the following three properties:
(i) E ′ has full 2-torsion; (ii) E ′ has potentially good reduction away from P; (iii) E ′ has potentially multiplicative reduction at P. If all elliptic curves over K with full 2-torsion are modular then the constant B K is in fact effectively computable.
The following result is extracted from the statement and proof of [5, Lemme 1] . In loc. cit. Lemme 1 is important as it allows the computations of Hilbert modular forms to be performed at a level that is often smaller than the Serre conductor of the mod p representation attached to the Frey curve. As we do not need the full strength of Kraus' Lemme 1, we are able to give a simpler proof, which we include for the convenience of the reader.
Theorem 5 (Kraus)
. Let K be a number field such that there is a unique prime P above 2. Let E K be an elliptic curve with full 2-torsion, potentially good reduction away from P, and potentially multiplicative reduction at P. Then there is a quadratic twist E ′ K of E with conductor P.
Proof. The elliptic curve E has the form
with a, b ∈ K and ab(a + b) ≠ 0. Let c = −a − b. Then a + b + c = 0. Applying a permutation to a, b, c allows us to suppose that ord P (b) ≥ ord P (c) ≥ ord P (a). If this permutation is cyclic then the resulting elliptic curve is isomorphic to our original model, and if non-cyclic then it is a quadratic twist by −1.
and also has potentially multiplicative reduction at P and potentially good reduction away from P. We will in fact show that E ′ has conductor P. In the usual notation, the invariants of E ′ are
If q is a prime ∤ 2 then ord q (j) ≥ 0, and we easily check from the above formulae that this forces ord q (∆) = 0. Thus the model E ′ has good reduction away from P. Since ord P (b) ≥ ord P (c) ≥ ord P (a) we have ord P (λ) ≥ ord P (1 − λ) ≥ 0. If ord P (λ) = 0 then ord P (1 − λ) = 0 and so ord P (j) > 0 giving a contradiction. Thus ord P (λ) = t with t > 0. Since ord P (j) = 8 ⋅ ord P (2) − 2t < 0 we have ord P (λ) = t > 4 ord P (2). It follows from Hensel's Lemma that the expressions λ 2 − λ + 1, 1 − λ 2, 1 − 2λ and 1 + λ are all P-adic squares. Thus −c 4 c 6 is an P-adic square. By [7, Theorem V.5 .3] the elliptic curve E ′ has split multiplicative reduction at P, completing the proof.
3.1. Proof of Theorem 2. Let K be a totally real field satisfying assumptions (a), (b) in the statement of Theorem 2. Let B K be as in the statement of Theorem 4. Suppose the Fermat equation (1) has a non-trivial solution (a, b, c) with prime exponent p > B K . By Theorem 4 there is an elliptic curve E ′ K having full 2-torsion, potentially good reduction away from P and potentially multiplicative reduction at P. By Theorem 5 this has a quadratic twist E ′′ K that has conductor P and full 2-torsion. As the narrow class number h + K is odd (assumption (b)), this immediately contradicts Theorem 1 with ℓ = 2 and λ = P.
Proof of Theorem 3
Let r ≥ 2 and K = Q(ζ 2 r ) + . The prime 2 is totally ramified in K and we let P be the unique prime of K above 2. Let B K be the constant in Theorem 4. As K is a subfield of the unique Z 2 -extension of Q, it follows from Thorne [4] that all elliptic curves over K are modular. Thus the constant B K is effectively computable. Suppose the Fermat equation (1) has a non-trivial solution with exponent p > B K . By Theorems 4 and 5, there is an elliptic curve E ′′ defined over K having full 2-torsion and conductor P. The class number of K, and indeed of any abelian field of conductor 2 s for any s, is odd [2] . However we do not know if the narrow class number of K is odd. Instead let L = Q(ζ 2 r ) which also has odd class number. As L is totally complex, the narrow class number equals the class number. Thus L has odd narrow class number. Note that 2 ramifies totally in L and let p be the unique prime above 2. Thus the base change of E ′′ to L has conductor p and full 2-torsion. This contradicts Theorem 1 with ℓ = 2 and λ = p and completes the proof.
